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features of QCD to be demonstrated [20] [21] [22] [23] .
The widespread phenomenological success of this bottom-up approach to the calculation of hadron observables raises an important question; viz., are the one-parameter RL or DB interaction models, used in those equations relevant to colour-singlet bound-states, consistent with modern analyses of QCD's gauge sector and the solutions of the gluon and ghost gap equations they yield [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] ? An answer in the affirmative will grant significant additional credibility to the claim that these predictions are firmly grounded in QCD.
Quark gap equation.
In order to expose the computational essence of the bottom-up DSE studies, it is sufficient to consider the gap equation for the dressed quark Schwinger function, S (p) = Z(p 2 )/[iγ · p + M(p 2 )]:
where: D µν is the gluon propagator; 1 Γ ν , the quark-gluon vertex;
Λ dq , a symbol representing a Poincaré invariant regularisation of the four-dimensional integral, with Λ the regularisation mass-scale; m bm (Λ), the current-quark bare mass; and Z 1,2 (ζ 2 , Λ 2 ), respectively, the vertex and quark wave-function renormalisation constants, with ζ the renormalisation point, which is ζ 2 = 2 GeV here. Eqs. (1) are the starting point for all DSE predictions of hadron properties.
Significantly, owing to asymptotic freedom, there is no model dependence in the behaviour of the gap equation's kernel on the domain A = {(p
2 GeV 2 } because perturbation theory and the renormalisation group can be used to show [38] [39] [40] :
where D free µν (k) is the free-gauge-boson propagator and α s (k 2 ) is QCD's running coupling on this domain. Kindred results follow immediately for the kernels in the two-body Bethe-Salpeter equations relevant for meson bound-states [9, 10, 19] . Equation (2) entails that the model input in realistic DSE studies is expressed in a statement about the nature of the gap equation's kernel on A; i.e., at infrared momenta. One writes 
As reviewed elsewhere [5, 6, 8] , successful explanations and predictions of numerous hadron observables are obtained with
where:
The origin and features of Eq. (4b) are detailed in Ref. [11] so here we only highlight two key aspects: the Ansatz is consistent with the constraints described above and it involves just one free parameter.
The last point deserves further attention. At first glance there appear to be two free parameters in Eq. (4b): D, ω. However, computations show [11, 12, 41] that a large body of observable properties of ground-state vector-and isospin-nonzero pseudoscalar-mesons are practically insensitive to variations of ω ∈ [0.4, 0.6] GeV, so long as
(The midpoint ω = 0.5 GeV is usually employed in calculations.) This feature also extends to numerous properties of the nucleon and ∆ resonance [4, 7] . 
It is summarised in App. A.1 of Ref. [42] and provides the most widely used DSE computational scheme in hadron physics. In this case one has [23] ς RL G = 0.87 GeV.
The form of Γ DB ν (q, p) is detailed in App. A.2 of Ref. [42] . It is consistent with constraints imposed by both the longitudinal and transverse WGT identities [43] . The DB kernel is connected with the most refined nonperturbative truncation that is currently available. It is therefore expected to be the most realistic. With this vertex, one has [23] 
Following upon this discussion, we arrive at a pair of simple questions. Does an analysis of QCD's gauge sector produce a running interaction-strength that is generally consistent with the form in Eqs. (4); and, if so, does it more closely resemble the function obtained with ς G in Eq. (7) or (8)?
3. RGI interaction kernel. In order to expose the quantity with which Eq. (4b) should be compared, we must provide some background. The Landau-gauge dressed-gluon propagator has the simple form
and since we are interested in QCD's gauge sector, the dressedghost propagator will also be relevant:
As we now explain, the scalar function in Eq. (10) is connected with the following gluon-ghost vacuum-polarisation:
which arises in contemporary applications of the pinchtechnique (PT) [44, 45 ] to QCD's gauge sector [27, 46] . The kernel H ρν (q, k) in Eq. (11) is defined via
where
Notably, Eq. (13) is a consequence of QCD's BRST invariance; and the combination [1 +G(k 2 )] is a crucial element in the set of background-quantum identities (BQIs) explained in Ref. [46] .
The functions G(k 2 ) and L(k 2 ) both satisfy dynamical equations [27] , which may readily be deduced from the definitions in Eqs. (11) . Analysing this dynamical system, one can prove the exact result [26] L(0) = 0; and hence, using Eq. (13):
] is quantitatively inaccurate. Therefore, in computing G(k 2 ) herein, we include the nonperturbative corrections to Γ F µ (q, k) determined in Ref. [34] .
As remarked above and elucidated elsewhere [9, 10, 19] , there is a one-to-one correspondence between the kernels in the dressed-quark gap equation and those in the Bethe-Salpeter equations relevant to meson bound-states, which we will denote by K . Crucially, the kernels K possess a "universal" subcomponent, which has the nature of a running interaction-strength (coupling),d(k 2 ), that does not depend on the valence-quark content of the Bethe-Salpeter equation.
A systematic identification ofd(k 2 ) has been completed using the pinch technique [25] . It was achieved via the rearrangement of physical amplitudes into sub-amplitudes with special properties. In this way one obtains dressed coloured vertices that satisfy QED-like WGT identities and a gluon propagator that captures all the theory's renormalisation-group logarithms. These quantities coincide with the corresponding vertices and propagator defined in the background field method (BFM) [47] . This identification is valid both perturbatively, to all orders, and nonperturbatively, at the level of the corresponding DSEs. Moreover, the relationship between the corresponding Schwinger functions before and after the diagrammatic application of the PT procedure is formally captured by the BQIs.
To be specific, in the present context the standard gluon dressing function, ∆(k 2 ) in Eq. (9), is related to the scalar cofactor of the PT-BFM gluon propagator, denoted∆(k 2 ), as follows:
where G(k 2 ) was introduced in Eqs. (11) . Evidently,∆(k 2 ) is related to ∆(k 2 ) via a function determined by ghost-gluon dynamics.
Similarly, the PT-BFM quark-gluon vertex:
µ , which satisfies a QED-like WGT identity:
is related to Γ µ in Eqs. (1) by the BQI 
Figure 1: RGI running interaction strength,d(k 2 ) in Eq. (19), computed via a combination of DSE-and lattice-QCD results, as explained in Ref. [25] . We display the function obtained using five different values of the renormalisation point in order to highlight that the result is RGI.
where Q µ ,Q µ are auxiliary composite three-point functions.
Importantly, when embedded in the computation of scattering processes, the last two terms on the right-hand-side of Eq. (16) cancel against other process-dependent contributions. These considerations entail that the leading term in the quark-antiquark scattering kernel (q (17) in which the spinor indices have been suppressed, may be rewritten as
Given thatΓ ν in Eq. (18) satisfies Eq. (15), which is a significant element in the construction of the RL and DB truncations described above, then a comparison with Eqs. (3) and their computable analogues for the Bethe-Salpeter equations [9, 10, 19] leads one to conclude that the dimensionless quantity
is the object that should be compared directly with the interaction in Eq. (4a). It is noteworthy thatd(k 2 ) is a renormalisation-groupinvariant (RGI) [25] . The interaction defining the DB kernel, which is built using a sophisticated dressed-quark-gluon vertex, shares this feature. In contrast, the RL kernel and pointwise improvements thereof, possesses some residual ζ-dependence because the structure of Γ A µ is too simple. 4. Numerical results for the RGI kernel. The best available information on the RGI running interaction-strength in Eq. (19) has been obtained through a combination of DSE-and lattice-QCD analyses. The procedure is detailed in Ref. [25] and yields the result depicted in Fig. 1 . We do not review the method herein; but, since the renormalisation-point-independence of the result is important, we recapitulate upon relevant aspects of that procedure, which are elaborated elsewhere [26] . One begins with lattice-QCD results for the ghost dressing function [48] ); viz., the four-loop expression for the running coupling evaluated in the momentum-subtraction scheme with a value of Λ QCD between 0.25 and 0.32 GeV [49, 50] .
One may naturally separated(k 2 ) into the product of two scale-dependent terms: a dimensionless running coupling, α(ζ 2 ), multiplied by the mass-dimension "−2" PT-BFM gluon propagator,∆(k 2 )/k 2 , Eq. (14) . The latter quantity can be used to define a ζ-dependent gluon mass-scale:
It is evident from Fig. 1 that with α s (ζ) finite and nonzero, then 0 < m
Repeating the analysis in Ref. [25] , we obtaind(k 2 = 0) = 12.9/GeV 2 , as is plain from Fig. 1 ; and our results on the domain 1 < ζ < 4.3 GeV are accurately interpolated by 
Extrapolating to the far infrared, one finds that QCD's gauge sector is characterised by the following coupling and massscale:
The value of the mass-scale in Eq. (22) is natural in the sense that it is commensurate with but larger than the value of the dressed light-quark mass function at far-infrared Euclidean momenta: M(0) ≈ 0.3 GeV [51] . The strength of the coupling is also interesting. It is greater than that required for DCSB to occur in simple treatments of strong-coupling QED [52, 53] (α c = π/3) and gap equation models for QCD [54, 55] (α c ≈ π/3.5), and consistent with the value often imagined necessary to describe strong-interaction phenomena: α s (0) π (see, e.g., Refs. [11, 56, 57] ).
Comparison of interaction kernels.
It is now possible to compare the prediction yielded by analyses of QCD's gauge sector (top-down approach) with the running-interaction determined using the bottom-up approach; i.e., parametrising the gauge-sector kernel and fitting the parameter in order to explain a wide range of hadron observables. The results of the comparison are displayed in Fig. 2 : the upper panel depicts I(k 2 ) itself, whereas the lower panel portrays k 2 I(k 2 ). The latter is plotted because the computation of hadron observables typically involves a four-dimensional Euclidean integration, which introduces an additional factor of k 2 from the measure. It is immediately apparent that the top-down RGI interaction (solid-black curve) and the DB-truncation bottom-up interaction (green band containing dashed curve) are in excellent agreement. Hence, the interaction predicted by modern analyses of QCD's gauge sector is in near precise agreement with that required for a veracious description of measurable hadron properties using the most sophisticated matter-sector gap and Bethe-Salpeter kernels available today. This is a remarkable result given that, on the themes described herein, there had previously been no communication between the continuum-QCD hemisphere represented by the studies described in Sect. 2 and that connected with Sects. 3 and 4, except insofar as it was mutually acknowledged that QCD's gauge sector is characterised by a nonzero and finite gluon mass-scale.
Unlike one of its predecessors [58] , the modern interaction inferred using RL-truncation [11, 12] has the correct shape; but it is too large in the infrared. This is because the bare-vertex in Eq. (6) suppresses all effects associated with DCSB in the kernels of the gap and Bethe-Salpeter equations except those expressed in I(k 2 ), and therefore a description of hadronic phenomena can only be achieved by overmagnifying the gaugesector interaction strength at infrared momenta. A similar conclusion was drawn elsewhere [59] . It follows that whilst the RL truncation supplies a useful computational link between QCD's gauge sector and measurable hadron properties, the model interaction it delivers should neither be misconstrued nor misrepresented as a pointwise-accurate representation of ghost-gluon dynamics. Notwithstanding this, the judicious use of RL truncation and the careful interpretation of its results can still be a valuable tool for hadron physics phenomenology. 2 The level of agreement between the curves in Fig. 2 can usefully be quantified via the interaction tension [61] 
where the integral is limited to k 2 ≤ k 2 p = 2.5 GeV 2 because all interactions are identical on the perturbative domain. The results are listed in Table 1 . According to the metric defined by the second row, there is plainly little measurable difference between the top-down prediction and the DB-truncation bottomup interaction. This is true independent of whether one uses I(k 2 ) or k 2 I(k 2 ) as the integrand.
6. Confinement, fragmentation and Gribov copies. It has long been known that the only Schwinger functions which can be associated with states in the Hilbert space of observables; namely, the set of measurable expectation values, are those that satisfy the axiom of reflection positivity [62] . In this connection, it is a simple matter to show that the spectral density associated with any single-variable Schwinger function, S(k 2 ), which possesses an inflexion point at k 2 > 0 cannot be positive definite [63, 64] ; i.e., it violates the axiom of reflection positivity and hence the associated excitation may be viewed as confined.
The RGI functiond(k 2 ) displayed in Fig. 1 possesses and inflection point at k 2 = k 2 i = (0.41 GeV) 2 . Consequently, when probed at momenta k 2 > k 2 i , the PT-BFM gluon behaves as an "ordinary" excitation because on this domain its propagator has the convex shape that is characteristic of free-particle-like 2 The shortcomings of the interaction in Ref. [58] are explained in Ref. [11] . They are practically immaterial if one only considers low momentum transfer properties of hadron ground-states, which are mainly sensitive to the integrated strength of the interaction on the infrared domain: k 2 2 GeV 2 . This fact is highlighted by the phenomenological successes of a RL treatment of a vector ⊗ vector contact-interaction (see Refs. [22, 57, 60] and citations therein).
behaviour. Notably, the computed value |k i | = 0.41 GeV corresponds to a length s i ≈ 0.5 fm, which is a natural scale for confinement in QCD; and as k 2 decreases through k 2 i , passing into the infrared, the effects of strong, nonperturbative ghost and gluon dressing become manifest and the excitation's propagation characteristics are dramatically altered.
Indeed, as described twenty years ago [65] , a violation of positivity owing to the dynamical generation of a length-scale s i ≈ 0.5 fm may plausibly be connected with the fragmentation phenomenon. Namely, the coloured state propagates as a pseudo-plane-wave over mean-distances s < s i . However, after each "step" of length s i , on average, an interaction occurs, so that the coloured state loses its identity, sharing it with other partons. Finally, a cloud of partons is produced, which coalesces into a number (often large) of colour-singlet final states. This realisation of confinement is essentially dynamical. It is not connected in any way with the static potential between infinitely-heavy quarks measured in numerical simulations of quenched lattice-QCD. 3 The fact that the active piece of the gauge-boson Schwinger function acquires a dynamically generated mass-scale ensures that gluons with wavelengths λ ≫ 1/m g (0) ≈ 0.5 fm play no role in hadron observables. This phenomenon, and the analogue for quarks, provides a basis for understanding the notion of a maximum wavelength for gluons and quarks in QCD [68] .
One of the strengths of the framework we have employed is the intimate connection it draws between confinement, DCSB, dynamically generated gluon and quark masses, and the maximum wavelengths for gluons and quarks. We have exemplified this above and choose to highlight another example here. Namely, the behaviour ofd(k 2 ) entails DCSB, which itself guarantees that light-quark dynamics in QCD supports the existence of a (nearly-)massless pseudoscalar meson; viz., the pion, whose properties are almost entirely determined by the dressed-quark mass-function [69] . The exceptionally light pion degree-of-freedom becomes dominant in QCD at those lengthscales above which dressed-gluons and -quarks decouple from the theory owing to the large magnitudes of their dynamically generated masses. We therefore judge that Gribov copies can have no measurable impact on observables within the Standard Model because they affect only those gluonic modes whose wavelengths lie in the far infrared; and such modes are dynamically screened, by an exponential damping factor ∼ exp(−λm g ), so that their role in hadron physics is superseded by the dynamics of light-hadrons. This conjecture is consistent with the insensitivity to Gribov copies of the dressed-quark and -gluon two-point Schwinger functions observed in numerical simulations of QCD on fine lattices [70, 71] . 7. Epilogue. We have demonstrated that the form of the renormalisation-group-invariant running-interaction predicted by contemporary analyses of QCD's gauge sector is a good match to the behaviour required in order to describe a wide range of hadron observables using the most sophisticated, nonperturbative truncation of QCD's Dyson-Schwinger equations in the matter sector that is currently available. In doing so, we have drawn a direct connection between QCD's gauge sector and measurable hadron properties. This paves the way for genuinely ab initio predictions of observables in continuum-QCD.
The understanding highlighted by Fig. 2 was only made possible by recent progress in developing nonperturbative truncations for the gap and bound-state equations in QCD's matter sector. The new symmetry-preserving scheme enables the influence of dynamical chiral symmetry breaking (DCSB) and concurrent phenomena to be spread throughout the gap and BetheSalpeter kernels so that the universal subcomponent associated cleanly with the gauge-sector can reliably be separated. The primary element in the new scheme is an accurate representation of the dressed-quark-gluon vertex, Γ µ . Our analysis thus emphasises the need for a continuation and expansion of efforts to better determine Γ µ , both in continuum-and lattice-QCD.
